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Abstract
In this paper, we give detailed analysis and description of periodic trajectories of
the billiard system within an ellipsoid in the 3-dimensional Minkowski space, taking into
account all possibilities for the caustics. The conditions for periodicity are derived in
algebro-geometric, analytic, and polynomial form.
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1 Introduction
Discrete integrable systems occupy an important part of the scientific activity and legacy of
Professor Nalini Joshi. There are several recent monographs related to discrete integrability as
intensively developed field of pure and applied mathematics (see [Dui2010,BS2008,HJN2016,
Jos2019]). Integrable billiards (see [KT1991, DR2011]) form an important class of discrete
integrable systems. This paper is devoted to integrable billiards in the 3-dimensional Minkowski
space, merging two lines of our previous studies.
We will derive here the periodicity conditions for such billiards in different forms: in algebro-
geometric terms and in terms of polynomial functional equations. More about extremal poly-
nomials and related Pell’s equations one can find in [Akh1990,Bog2012] and references therein.
Following [BM1962,KT2009], we introduced notions of relativistic quadrics and applied them
to billiards in the pseudo-Euclidean spaces in [DR2012]. In a more recent paper [DR2019b], we
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established a fundamental relationship between periodic integrable billiards in the Euclidean
spaces of arbitrary dimension and extremal polynomials and Pell’s equations. We applied
these ideas in more detail in the basic, planar cases in [DR2019a] for the Euclidean metrics
and in [ADR2019] for the Minkowski metric. In this work, we deal with the three-dimensional
Minkowski space, as a gateway to the study of billiards in higher-dimensional pseudo-Euclidean
spaces. The results of this paper provide the solution to a known open problem, Problem 5.2
from [GKT2007], which is also Problem 7 from [Tab2015]. See Remark 4.4 for more detail.
The organization of the paper is as follows. Section 2 introduces basic notation. Section 3
is devoted to algebro-geometric formulation of periodicity conditions, while Section 4 derives
the conditions of periodicity in terms of Pell’s equations and related polynomial functional
equations.
2 Confocal families of quadrics and billiards
In this section, we recall necessary notions and propertes related to confocal families of quadrics
and billiards within ellipsoids in the Minkowski space. A more detailed account can be found
in [GKT2007,KT2009,DR2012].
The Minkowski space E2,1 is R3 with the Minkowski scalar product : 〈X, Y 〉 = X1Y1 +
X2Y2 −X3Y3.
The Minkowski distance between points X , Y is dist(X, Y ) =
√
〈X − Y,X − Y 〉. Since the
scalar product can be negative, notice that the Minkowski distance can have imaginary values
as well.
Let ℓ be a line in the Minkowski space, and v its vector. The line ℓ is called space-like if
〈v, v〉 > 0; time-like if 〈v, v〉 < 0; and light-like if 〈v, v〉 = 0. Two vectors x, y are orthogonal
in the Minkowski space if 〈x, y〉 = 0. Note that a light-like vector is orthogonal to itself.
Confocal families. Denote by
E :
x21
a1
+
x22
a2
+
x23
a3
= 1, (2.1)
with a1 > a2, a3 > 0, an ellipsoid. Let us remark that equation of any ellipsoid in the Minkowski
space can be brought into the canonical form (2.1) using transformations that preserve the scalar
product.
The family of quadrics confocal with E is:
Qλ :
x21
a1 − λ
+
x22
a2 − λ
+
x23
a3 + λ
= 1, λ ∈ R. (2.2)
The family (2.2) contains four geometrical types of quadrics:
• 1-sheeted hyperboloids oriented along x3-axis, for λ ∈ (−∞,−a3);
• ellipsoids, corresponding to λ ∈ (−a3, a2);
• 1-sheeted hyperboloids oriented along x2-axis, for λ ∈ (a2, a1);
• 2-sheeted hyperboloids, for λ ∈ (a,+∞) – these hyperboloids are oriented along x3-axis.
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Figure 1: Confocal quadrics in the three-dimensional Minkowski space.
In Figure 1, one non-degenerate quadric of each geometric type is shown. In addition, there
are four degenerated quadrics: Qa1 , Qa2 , Q−a3 , Q∞, that is planes x1 = 0, x2 = 0, x3 = 0, and
the plane at the infinity respectively.
The following theorem consists of a generalisation of the Chasles theorem to the Minkowski
space and the additional conditions on the parameters of the quadrics touching a given line.
The corresponding generalisation of the Chasles theorem was first obtained in [KT2009], while
the classification of the types of confocal quadrics touching a given line for the 3-dimensional
Minkowski space was considered in [GKT2007], regarding the geodesics on an ellipsoid, and
in [DR2012] regarding billiards within ellipsoids in the pseudo-Euclidean space of arbitrary
dimension.
Theorem 2.1 In the Minkowski space E2,1 consider a line intersecting ellipsoid E (2.1). Then
this line is touching two quadrics from (2.2). If we denote their parameters by γ1, γ2 and take:
{b1, . . . , bp, c1, . . . , cq} = {a1, a2,−a3, γ1, γ2},
cq ≤ · · · ≤ c1 < 0 < b1 ≤ · · · ≤ bp, p+ q = 5,
we will additionally have:
• if the line is space-like, then p = 3, q = 2, a1 = b3, γ1 ∈ {b1, b2} for 1 ≤ i ≤ k − 1, and
γ2 ∈ {c1, c2};
• if the line is time-like, then p = 4, q = 1, c1 = −a3, γ1 ∈ {b1, b2}, γ2 ∈ {b3, b4};
• if the line is light-like, then p = 4, q = 1, b4 = ∞ = γ2, b3 = a1, γ1 ∈ {b1, b2}, and
c1 = −a3.
Moreover, for each point on ℓ inside E , there is exactly 3 distinct quadrics from (2.2) containing
it. More precisely, there is exactly one parameter of these quadrics in each of the intervals:
[c1, 0), (0, b1], [b2, b3].
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Remark 2.2 Since [c1, b1] ⊂ [−a3, a2] and [b2, b3] ⊂ [a2, a1], any given point within E lies at
the intersection of two ellipsoids and one 1-sheeted hyperboloid oriented along x2-axis.
For each quadric, its tropic curves are the sets of points where the induced metric on the
tangent plane is degenerate. An ellipsoid is divided by its tropic curves into three connected
components: two of them are “polar caps” mutually symmetric with respect to the x1x2-plane,
while the the third one is the “equatorial” annulus placed between them, see Figure 2. Notice
Figure 2: Tropic curves on ellipsoid.
that the induced metric within each “polar cap” is Reimannian, while it is Lorentzian in the
annulus between the tropic curves [GKT2007].
Remark 2.3 From Theorem 2.1 and Remark 2.2, we have that a given point M within E lies
at the intersection of three quadrics Qλ1, Qλ2, Qλ3, λ1 < λ2 < λ3. It is proved in [DR2012]
that M will belong to a “polar cap” of ellipsoid Qλ1, and to the “equatorial belt” annulus of
ellipsoid Qλ2, with −c ≤ λ1 < 0 < λ2 ≤ b.
The triple (λ1, λ2, λ3) represents generalised elliptic coordinates of M .
Billiards in the Minkowski space. Let v be a vector and γ a hyper-plane in the Minkowski
space. Decompose vector v into the sum v = a + nγ of a vector nγ orthogonal to γ and a
belonging to γ. Then vector v′ = a − nγ is the billiard reflection of v on γ. It is easy to see
that then v is also the billiard reflection of v′ with respect to γ.
Note that v = v′ if v is contained in γ and v′ = −v if it is orthogonal to γ. If nγ is light-like,
which means that it belongs to γ, then the reflection is not defined.
Line ℓ′ is a billiard reflection of ℓ off a smooth surface S if their intersection point ℓ ∩ ℓ′
belongs to S and the vectors of ℓ, ℓ′ are reflections of each other with respect to the tangent
plane of S at this point.
Remark 2.4 It can be seen directly from the definition of reflection that the type of line is
preserved by the billiard reflection. Thus, the lines containing segments of a given billiard
trajectory within S are all of the same type: they are all either space-like, time-like, or light-
like.
If S is an ellipsoid, then it is possible to extend the reflection mapping to those points where
the tangent planes contain the orthogonal vectors. At such points, a vector reflects into the
opposite one, i.e. v′ = −v and ℓ′ = ℓ. For the explanation, see [KT2009]. As follows from the
explanation given there, it is natural to consider each such reflection as two reflections: one
reflection off the “polar cap” and one off the “equatorial belt”.
The following version of the Chasles’ theorem holds for billiards within ellipsoids in the
Minkowski space:
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Theorem 2.5 ([KT2009]) In the Minkowski space E2,1, consider a billiard trajectory within
ellipsoid E . Then each segment of that trajectory is touching the same pair of quadrics confocal
with E .
The two quadrics from Theorem 2.5 are called the caustics of the trajectory.
3 Periodic trajectories
We will prove now the generalisation of the Poncelet theorem for the 3-dimensional Minkowski
space. This proof is in the spirit of classical works of Jacobi and Darboux (see, for example
[Jac1884,Dar1870]), and also resembles to the proof of a Poncelet theorem for light-like geodesics
on a quadric in the Minkowski space from [GKT2007].
Theorem 3.1 In the Minkowski space E2,1, consider an n-periodic billiard trajectory within
ellipsoid E . Denote n = m1 + n1, where m1 is the total number of reflections off the “polar
caps”, and n1 the number of reflections off the “equatorial belt” of E along the trajectory. Then
each billiard trajectory within E sharing the same pair of caustics is also n-periodic, with m1
and n1 reflections off the “polar caps” and “equatorial belt” respectively.
Proof. The differential equations in the elliptic coordinates of the lines touching two given
quadrics Qγ1 and Qγ2 from (2.2) are:
3∑
i=1
dλi√
P(λi)
= 0,
3∑
i=1
λidλi√
P(λi)
= 0,
with
P(x) = ε(a1 − x)(a2 − x)(a3 + x)(γ1 − x)(γ2 − x), ε = sign (γ1γ2). (3.1)
Introduce constants b1, . . . , bp, c1, . . . , cq as in Theorem 2.1.
Along billiard trajectory, each of the elliptic coordinates λ1, λ2, λ3 takes values in segments
[c1, 0], [0, b1], [b2, b3] respectively, with local extrema being only the end-points of the segments.
The value λ1 = 0 corresponds to the reflection off a “polar cap” of E , and λ2 = 0 to
the reflection off the “equatorial belt”. If λ1 = λ2 = 0, then that corresponds to hitting the
tropic curve, which will be counted as two reflections – one off the “polar cap” and one off the
“equatorial belt”. Whenever one of the elliptic coordinates takes value a1, a2, −a3, the particle
is crossing the coordinate plane x1 = 0, x2 = 0, x3 = 0 respectively. Values γ1, γ2 correspond
to touching points with the caustics.
Similarly as in [Dar1914], see also [DR2004], integrating along the periodic trajectory gives:
m1
∫ c1
0
λk1dλ1√
P(λ1)
+ n1
∫ b1
0
λk2dλ2√
P(λ2)
− n2
∫ b3
b2
λk3dλ3√
P(λ3)
= 0, k ∈ {0, 1}, (3.2)
where n2 is the number of times λ3 traced the segment [b2, b3] along the trajectory. Since these
relations do not depend on the initial point, each trajectory with the same caustics will become
closed after λ1, λ2, λ3 traced the corresponding segments m1, n1, n2 times respectively. 
We will denote the underlying hyper-elliptic curve as:
C : y2 = P(x), (3.3)
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with P(x) given by (3.1). The Weierstrass point on C corresponding to the value x = ξ,
ξ ∈ {γ1, γ2, a1, a2,−a3,∞} will be denoted by Pξ. One of the points corresponding to x = 0
will be denoted by P0.
We note that relation (3.2) implies the following equivalence on the Jacobian of the hyper-
elliptic curve C :
m1(P0 − Pc1) + n1(P0 − Pb1) + n2(Pb2 − Pb3) ∼ 0. (3.4)
In the following theorem, we present a detailed algebro-geometric characterisation of peri-
odic trajectories whenever the curve C is non-singular.
Theorem 3.2 (Algebro-geometric conditions for periodicity) Consider a billiard trajec-
tory within ellipsoid E in the Minkowski space E2,1, with non-degenerate distinct caustics by
Qγ1 and Qγ2. Then the trajectory is n-periodic if and only if one of the following is satisfied:
• The trajectory is space-like, and
(S1) both caustics are ellipsoids and either:
∗ n is even, and the divisor nP0 equivalent to one of nP∞, (n− 2)P∞ + Pγ1 + Pγ2
on the Jacobian of the curve C ; or
∗ n is odd, and the divisor nP0 equivalent to one of (n−1)P∞+Pγ1, (n−1)P∞+Pγ2.
(S2) Qγ1 is ellipsoid, Qγ2 1-sheeted hyperboloid along x3-axis, and either:
∗ n is even and nP0 ∼ nP∞; or
∗ n is odd and nP0 ∼ (n− 1)P∞ + Pγ1.
(S3) one caustic is a 1-sheeted hyperboloid oriented along x3-axis, the other a 1-sheeted
hyperboloid oriented along x2-axis, n is even, and nP0 ∼ nP∞.
(S4) Qγ1 is ellipsoid, Qγ2 1-sheeted hyperboloid oriented along x2-axis, and either:
∗ n is even and nP0 ∼ nP∞; or
∗ n is odd and nP0 ∼ (n− 1)P∞ + Pγ2.
• The trajectory is time-like, and
(T1) Qγ1 is ellipsoid, Qγ2 1-sheeted hyperboloid oriented along x2-axis, and either:
∗ n is even and nP0 ∼ nP∞; or
∗ n is odd and nP0 ∼ (n− 1)P∞ + Pγ1.
(T2) Qγ1 is ellipsoid, Qγ2 2-sheeted hyperboloid along x3-axis, and either:
∗ n is even and nP0 ∼ nP∞; or
∗ n is odd and nP0 ∼ (n− 1)P∞ + Pγ1.
(T3) both caustics are 1-sheeted hyperboloids oriented along x2-axis, n is even, and the
divisor nP0 is equivalent to either nP∞ or (n− 2)P∞ + Pγ1 + Pγ2.
(T4) one caustic is 1-sheeted hyperboloid oriented along x2-axis, the other 2-sheeted hy-
perboloid oriented along x3-axis, n is even, and nP0 ∼ nP∞.
Proof. For a space-like trajectory, according to Theorem 2.1, we have γ2 < 0 < γ1 < a1,
γ2 ∈ {c1, c2}, γ1 ∈ {b1, b2}. Thus, there are four possibilities of the types of the caustics.
Case S1 (γ2 = c1, γ1 = b1): Both caustics are ellipsoids, −a3 < γ2 < 0 < γ1 < a2 < a1.
The algebro-geometric condition (3.4) in this case is:
m1(P0 − Pγ1) + n1(P0 − Pγ2) + n2(Pa2 − Pa1) ∼ 0.
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n2 is even, since it is the number of times the particle crossed the plane x2 = 0 along the closed
trajectory, so the condition is equivalent to:
nP0 −m1Pγ1 − n1Pγ2 ∼ 0.
From there:
nP0 ∼


nP∞, if m1 and n1 are even;
(n− 2)P∞ + Pγ1 + Pγ2 , if m1 and n1 are odd;
(n− 1)P∞ + Pγ1 , if m1 is odd and n1 even;
(n− 1)P∞ + Pγ2 , if m1 is even and n1 odd.
Case S2 (γ2 = c2, γ1 = b1): One caustic is an ellipsoid, and the other 1-sheeted hyperboloid
along x3-axis, γ2 < −a3 < 0 < γ1 < a2 < a1.
The algebro geometric condition (3.4) for n-periodicity is:
m1(P0 − P−a3) + n1(P0 − Pγ1) + n2(Pa2 − Pa1) ∼ 0.
In this case, m1 and n2 must be even, so n and n1 are of the same parity. Thus
nP0 ∼
{
nP∞, if n is even;
(n− 1)P∞ + Pγ1, if n is odd.
Case S3 (γ2 = c2, γ1 = b2): One caustic is a 1-sheeted hyperboloid oriented along x3-axis,
and the other a 1-sheeted hyperboloid oriented along x2-axis: γ2 < −a3 < 0 < a2 < γ1 < a1.
The algebro geometric condition for n-periodicity is:
m1(P0 − P−a3) + n1(P0 − Pa2) + n2(Pγ1 − Pa1) ∼ 0,
where m1, n1, n2 are all even, which implies nP0 ∼ nP∞.
Case S4 (γ2 = c1, γ1 = b2): The caustics are a 1-sheeted hyperboloid oriented along x2-axis
and an ellipsoid: −a3 < γ2 < 0 < a2 < γ1 < a1.
The algebro geometric condition for n-periodicity is:
m1(P0 − Pγ2) + n1(P0 − Pa2) + n2(Pγ1 − Pa1) ∼ 0,
with even n1, n2, so n and m1 are of the same parity. From there we get:
nP0 ∼
{
nP∞, if n is even;
(n− 1)P∞ + Pγ2, if n is odd.
For a time-like trajectory, Theorem 2.1 gives 0 < γ1 < γ2, γ1 ∈ {b1, b2}, γ2 ∈ {b3, b4}. Again,
there are four possibilites for the types of the caustics.
Case T1 (γ1 = b1, γ2 = b3): One caustic is ellipsoid, the other is 1-sheeted hyperboloid
oriented along x2-axis, −a3 < 0 < γ1 < a2 < γ2 < a1.
The algebro geometric condition for n-periodicity is:
m1(P0 − P−a3) + n1(P0 − Pγ1) + n2(Pa2 − Pγ2) ∼ 0,
where m1 and n2 must be even, so n and n1 are of the same parity. Thus this is equivalent to
nP0 − n1Pγ1 − n2Pγ2 ∼ 0, i.e.
nP0 ∼
{
nP∞, if n is even;
(n− 1)P∞ + Pγ1, if n is odd.
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Case T2 (γ1 = b1, γ2 = b4): The caustics are an ellipsoid and a 2-sheeted hyperboloid along
x3-axis, −a3 < 0 < γ1 < a2 < a1 < γ2. This case is done identically as Case T1.
Case T3: Both caustics are 1-sheeted hyperboloids along y-axis: γ1 = b2, γ2 = b3. Here
−a3 < 0 < a2 < γ1 < γ2 < a1.
The algebro geometric condition for n-periodicity is:
m1(P0 − P−a3) + n1(P0 − Pa2) + n2(Pγ1 − Pγ2) ∼ 0,
where n1, m1 are both even, so n is also even. We get:
nP0 ∼
{
nP∞, if n2 is even;
(n− 2)P∞ + Pγ1 + Pγ2 , if n2 is odd.
Case T4 (γ1 = b2, γ2 = b4): The caustics are a 1-sheeted hyperboloid along x2-axis and a
2-sheeted hyperboloid along x3-axis, −a3 < 0 < a2 < γ1 < a1 < γ2.
The algebro geometric condition for n-periodicity is:
m1(P0 − P−a3) + n1(P0 − Pa2) + n2(Pγ1 − Pa1) ∼ 0,
where m1, n1, n2 are all even, which than gives nP0 ∼ nP∞. 
The analytic Cayley-type conditions for periodic trajectories can be derived from Theorem
3.2 using the next Lemma.
Lemma 3.3 Consider a non-singular curve C (3.3). Then:
• nP0 ∼ nP∞ for n even if and only if n ≥ 6 and
rank


A4 A5 . . . Am+1
A5 A6 . . . Am+2
. . .
Am+2 Am+3 . . . A2m−1

 < m− 2, n = 2m,
with
√
P(x) = A0 + A1x+ A2x
2 + . . . ;
• nP0 ∼ (n− 2)P∞ + Pγ1 + Pγ2 for n even if and only if n ≥ 4 and
rank


B2 B3 . . . Bm
B3 B4 . . . Bm+1
. . .
Bm+1 Bm+2 . . . B2m−1

 < m− 1, n = 2m,
with
√
P(x)
(x− γ1)(x− γ2)
= B0 +B1x+B2x
2 + . . . ;
• nP0 ∼ (n− 1)P∞ + Pγ1 for n odd if and only if n ≥ 5 and
rank


C3 C4 . . . Cm+1
C4 C5 . . . Cm+2
. . .
Cm+2 Cm+3 . . . C2m

 < m− 1, n = 2m+ 1,
with
√
P(x)
x− γ1
= C0 + C1x+ C2x
2 + . . . ;
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• nP0 ∼ (n− 1)P∞ + Pγ2 for n odd if and only if n ≥ 5 and
rank


D3 D4 . . . Dm+1
D4 D5 . . . Dm+2
. . .
Dm+2 Dm+3 . . . D2m

 < m− 1, n = 2m+ 1,
with
√
P(x)
x− γ2
= D0 +D1x+D2x
2 + . . . .
Proof. When n = 2m is even, the basis for L (nP∞) is:
{1, x, x2, . . . , xm, y, xy, . . . , xm−3y},
while L ((n− 2)P∞ + Pγ1 + Pγ2) has basis{
1, x, x2, . . . , xm−1,
y
(x− γ1)(x− γ2)
,
xy
(x− γ1)(x− γ2)
, . . . ,
xm−2y
(x− γ1)(x− γ2)
}
.
When n = 2m+ 1, the basis for L ((n− 1)P∞ + Pγ1) is:{
1, x, x2, . . . , xm,
y
x− γ1
,
xy
x− γ1
, . . . ,
xm−2y
x− γ1
}
.
In each case, the condition for the divisors equivalence is that there is a linear combination
of the basis with a zero of order n at x = 0, which gives n linear equations for the coefficients.
In order to get a non-trivial solutions, the rank of the system cannot be maximal, which gives
the stated conditions, as it was done in [GH1978,DR2011]. 
Next, we will consider the case when the two caustics coincide: γ1 = γ2. Then, the segments
of a billiard trajectory within E are generatrices of the double caustic, which must be a 1-sheeted
hyperboloid oriented along x2-axis. Such a situation can be considered as a limit of the case T3
from Theorem 3.2, when γ2 → γ1. The Cayley-type condition for periodicity is thus obtained
by taking the limit of the correspondinc analytic condition from Lemma 3.3.
Proposition 3.4 A billiard trajectory within E with segments on 1-sheeted hyperboloid Qγ1,
which is oriented along x2-axis, is n periodic if and only if n is even and either
•
rank


A4 A5 . . . Am+1
A5 A6 . . . Am+2
. . .
Am+2 Am+3 . . . A2m−1

 < m− 2, n = 2m ≥ 6,
with (γ1 − x)
√
(a1 − x)(a2 − x)(a3 + x) = A0 + A1x+ A2x
2 + . . . ; or
•
rank


B2 B3 . . . Bm
B3 B4 . . . Bm+1
. . .
Bm+1 Bm+2 . . . B2m−1

 < m− 1, n = 2m ≥ 4,
with
√
(a1 − x)(a2 − x)(a3 + x)
γ1 − x
= B0 +B1x+B2x
2 + . . . .
9
Finally, we will consider light-like trajectories. Such trajectories can be considered as a limit
of Cases S2 and S3 from Theorem 3.2, when γ2 → −∞, or a limit of Cases T2 and T4, with
γ2 → +∞. The analytic conditions are obtained as the limit of the corresponding conditions
from Lemma 3.3.
Proposition 3.5 A light-like billiard trajectory within E , with non-degenerate caustic Qγ1, is
n-periodic if and only if
• n is even, n ≥ 6, and
rank


A4 A5 . . . Am+1
A5 A6 . . . Am+2
. . .
Am+2 Am+3 . . . A2m−1

 < m− 2, n = 2m,
with
√
(a1 − x)(a2 − x)(a3 + x)(γ1 − x) = A0 + A1x+ A2x
2 + . . . ; or
• Qγ1 is an ellipsoid, n is odd, n ≥ 5, and
rank


B3 B4 . . . Bm+1
B4 B5 . . . Bm+2
. . .
Bm+2 Bm+3 . . . B2m

 < m− 1, n = 2m+ 1,
with
√
(a1 − x)(a2 − x)(a3 + x)
γ1 − x
= B0 +B1x+B2x
2 + . . . .
4 Polynomial equations
In this section, we express the periodicity conditions as polynomial functional equations.
Lemma 4.1 Consider a non-singular curve C (3.3). Then:
• nP0 ∼ nP∞ for n = 2m if and only if n ≥ 6 and there are real polynomials pm(s) and
qm−3(s) of degrees m and m− 3 respectively such that
p2m(s)− s
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)(
s−
1
γ1
)(
s−
1
γ2
)
q2m−3(s) = 1;
• nP0 ∼ (n − 2)P∞ + Pγ1 + Pγ2 for n = 2m even if and only if n ≥ 4 and there are real
polynomials pm−1(s) and qm−2(s) of degrees m− 1 and m− 2 respectively such that(
s−
1
γ1
)(
s−
1
γ2
)
p2m−1(s)− s
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)
q2m−2(s) = ε,
with ε = sign (γ1γ2);
• nP0 ∼ (n− 1)P∞+Pγ1 for n = 2m+1 odd and γ1 > 0 if and only if n ≥ 5 and there are
real polynomials pm(s) and qm−2(s) of degrees m and m− 2 respectively such that(
s−
1
γ1
)
p2m(s)− s
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)(
s−
1
γ2
)
q2m−2(s) = −1;
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• nP0 ∼ (n− 1)P∞+Pγ2 for n = 2m+1 odd and γ2 < 0 if and only if n ≥ 5 and there are
real polynomials pm(s) and qm−2(s) of degrees m and m− 2 respectively such that(
s−
1
γ2
)
p2m(s)− s
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)(
s−
1
γ1
)
q2m−2(s) = 1.
Proof. It is clear from the proof of Lemma 3.3 that the relation 2mP0 ∼ 2mP∞ is satisfied if
and only if there are real polynomials p∗m(x) and q
∗
m−3(x) such that p
∗
m(x) + q
∗
m−3(x)
√
P(x)
has a zero of multiplicity 2m at x = 0. Multiplying that expression by p∗m(x)−q
∗
m−3(x)
√
P(x),
we get that the polynomial (p∗m(x))
2 − P(x)(q∗m−3(x))
2, which is of degree 2m, has a zero of
order 2m at x = 0. Assuming that p∗m is monic, we have:
(p∗m(x))
2 −P(x)(q∗m−3(x))
2 = x2m.
Dividing by x2m and introducing s = 1/x, we get the needed relation.
The relation 2mP0 ∼ (2m − 2)P∞ + Pγ1 + Pγ2 is satisfied if and only if there are real
polynomials p∗m−1(x) and q
∗
m−2(x) of degrees m− 1 and m− 2 such that
p∗m−1(x) + q
∗
m−2(x)
√
P(x)
(γ1 − x)(γ2 − x)
has a zero of order 2m at x = 0. Multyplying by:
ε(γ1 − x)(γ2 − x)
(
p∗m−1(x)− q
∗
m−2(x)
√
P(x)
(γ1 − x)(γ2 − x)
)
,
we get that the polynomial:
ε(γ1 − x)(γ2 − x)(p
∗
m−1(x))
2 − (a1 − x)(a2 − x)(a3 + x)(q
∗
m−2(x))
2,
which is of degree 2m, has a zero of order 2m at x = 0. Thus, it equals εx2m. Dividing by x2m
and introducing s = 1/x, we get the stated polynomial relation.
The relation (2m+1)P0 ∼ 2mP∞ + Pγ1 is satisfied if and only if there are real polynomials
p∗m(x) and q
∗
m−2(x) of degrees m and m− 2 respectively such that
p∗m(x) + q
∗
m−2(x)
√
P(x)
γ1 − x
has a zero of order 2m+ 1 at x = 0. Multyplying by:
(γ1 − x)
(
p∗m(x)− q
∗
m−2(x)
√
P(x)
γ1 − x
)
,
we get that the polynomial:
(γ1 − x)(p
∗
m(x))
2 − ε(a1 − x)(a2 − x)(a3 + x)(γ2 − x)(q
∗
m−2(x))
2,
which is of degree 2m+1, has a zero of order 2m+1 at x = 0. Assuming that p∗m(x) is monic,
we get that the last expression equals −x2m+1. Note that ε = sign (γ1γ2) = sign (γ2). Dividing
by x2m+1, introducing s = 1/x, we get the stated relation.
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The relation (2m+1)P0 ∼ 2mP∞ + Pγ2 is satisfied if and only if there are real polynomials
p∗m(x) and q
∗
m−2(x) of degrees m and m− 2 respectively such that
p∗m(x) + q
∗
m−2(x)
√
P(x)
γ2 − x
has a zero of order 2m+ 1 at x = 0. Multyplying by:
(γ2 − x)
(
p∗m(x)− q
∗
m−2(x)
√
P(x)
γ2 − x
)
,
we get that the polynomial:
(γ2 − x)(p
∗
m(x))
2 − ε(a1 − x)(a2 − x)(a3 + x)(γ1 − x)(q
∗
m−2(x))
2,
which is of degree 2m + 1, has a zero of order 2m + 1 at x = 0. Assuming that p∗m(x) is
monic, we get that the last expression equals −x2m+1. Note that ε = sign (γ1γ2) = −sign (γ1).
Dividing by −x2m+1, introducing s = 1/x, we get the stated relation. 
By taking the appropriate limits, we get the polynomial conditions for the case of a double
caustic and the case of light-like trajectories:
Proposition 4.2 (a) A billiard trajectory within E with segments on 1-sheeted hyperboloid Qγ1,
which is oriented along x2-axis, is n periodic if and only if n = 2m is even and either:
• n ≥ 6 and there are real polynomials pm(s) and qm−3(s) of degrees m andm−3 respectively
such that
p2m(s)− s
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)(
s−
1
γ1
)2
q2m−3(s) = 1;
• n ≥ 4 and there are real polynomials pm−1(s) and qm−2(s) of degrees m − 1 and m − 2
respectively such that(
s−
1
γ1
)2
p2m−1(s)− s
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)
q2m−2(s) = 1.
(b) A light-like billiard trajectory within E , with non-degenerate caustic Qγ1 , is n-periodic if
and only if
• n = 2m is even, n ≥ 6, Qγ1 is an ellipsoid or a 1-sheeted hyperboloid oriented along x2-
axis, and there are real polynomials pm(s) and qm−3(s) of degrees m and m−3 respectively
such that
p2m(s)− s
2
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)(
s−
1
γ1
)
q2m−3(s) = 1;
• n = 2m+ 1 is odd, n ≥ 5, Qγ1 is an ellipsoid, and there are real polynomials pm(s) and
qm−2(s) of degrees m and m− 2 respectively such that(
s−
1
γ1
)
p2m(s)− s
2
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)
q2m−2(s) = −1.
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Corollary 4.3 If the billiard trajectories within E with caustics Qγ1 and Qγ2 are n-periodic,
then there exist real polynomials pˆn and qˆn−3 of degrees n and n− 3 respectively, which satisfy
the Pell equation:
pˆ2n(s)− s
(
s−
1
a1
)(
s−
1
a2
)(
s+
1
a3
)(
s−
1
γ1
)(
s−
1
γ2
)
qˆ2n−3(s) = 1.
Proof. If n = 2m, we know that one of the first two cases of Lemma 4.1 is satisfied. In the first
case, take pˆn = 2p
2
m − 1 and qˆn−3 = 2pmqm−3. In the second case, we set:
pˆn(s) = 2
(
s−
1
γ1
)(
s−
1
γ2
)
p2m−1(s)− ε, qˆn−3 = 2pm−1qm−2.
If n = 2m+ 1, one of the last two cases of Lemma 4.1 holds. In the third case, we set:
pˆn(s) = 2
(
s−
1
γ1
)
p2m(s) + 1, qˆn−3 = 2pmqm−2,
and in the fourth one:
pˆn(s) = 2
(
s−
1
γ2
)
p2m(s)− 1, qˆn−3 = 2pmqm−2.

Remark 4.4 By considering light-like trajectories with an ellipsoid as caustic, and taking the
limit when parameter of the caustic approaches zero, we get the light-like geodesics on the
ellipsoid E . Applying the appropriate limit to the analytic conditions for periodicity obtained
in this work, the conditions for periodicity for the Poncelet-style closure theorem for light-like
geodesics in the equatorial belt from [GKT2007] can be obtained, thus solving the Problem 5.2
from that paper, see also Problem 7 from [Tab2015].
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